Abstract-The scattering of a plane electromagnetic wave by a perfectly conducting prolate or oblate spheroid is considered analytically by a shape perturbation method. The electromagnetic field is expressed in terms of spherical eigenvectors only, while the equation of the spheroidal boundary is given in spherical coordinates. There is no need for using any spheroidal eigenvectors in our solution. Analytical expressions are obtained for the scattered field and the scattering cross-sections, when the solution is specialized to small values of the eccentricity h = d/(2a), (h 1), where d is the interfocal distance of the spheroid and 2a the length of its rotation axis. In this case exact, closed-form expressions, valid for each small h, are obtained for the expansion coefficients g (2) and g (4) in the relation 
INTRODUCTION
Study of electromagnetic scattering by a metallic spheroid is an old problem with numerous applications. Many researchers have been involved with its solution in the past in a great number of papers, applying various methods. Among these papers are the ones included in our reference list [1] [2] [3] [4] [5] [6] .
In the present paper the scattering of a plane electromagnetic wave by a perfectly conducting prolate or oblate spheroid is considered. In Fig. 1 the geometry of the prolate spheroid is shown. Its interfocal distance is d, while a and b are the lengths of its major and minor semiaxes, respectively. The prolate spheroid is the only one to be considered explicitly, but corresponding formulas for the oblate one are obtained immediately. Without loss of generality the direction of propagation of the incident wave is assumed to be in the xz plane, as shown in Fig. 1 , making an angle θ 0 with respect to the positive zsemiaxis. The polarized incident wave is resolved into two components: the TE wave, for which the electric field vector is normal to the xz plane and the TM wave, for which the electric field vector lies in the xz plane. At an axial incidence (θ 0 = 0, π) there is no need to consider TE and TM waves, due to the symmetry.
The problem is solved by a shape perturbation method. The electromagnetic field is expressed in terms of spherical eigenvectors only, while the equation of the spheroidal boundary is given in spherical coordinates. There is no need for using any spheroidal eigenvectors in our solution. When the solution is specialized to small values of the eccentricity h = d/2a (h 1) analytical expressions of the form S(h) = S(0)[1 + g (2) h 2 + g (4) h 4 + O(h 6 )] are obtained for the various scattering cross-sections. The expansion coefficients g (2) and g (4) are given by exact, closed form expressions, independent of h, while S(0) corresponds to a sphere with radius a (h = 0).
Although general exact solutions to this same problem have already been developed [6, 7] the main advantage of such an analytical solution lies in its general validity for each small value of h, free of spheroidal eigenvectors. Practically this means that once g (2) and g (4) are known, S(h) can be immediately evaluated by quick "back-of-theenvelope" calculations, for each small h, while all numerical techniques require repetition, from the beginning, of the complicated evaluation for each different h, independently of its size small or large. This was achieved after a great analytical effort which, made once, apparently reduces dramatically the otherwise necessary computer time for the numerical evaluation of the many spheroidal eigenvectors in the case of small h. So we can say that the present solution is much useful for a "fat" spheroid, where the use of the general solution seems to be superfluous. As far as the terms omitted in our solution are of the order h 6 , or higher, it is evident that the restriction for use of small values of h is less severe than it may appear at first. Comparison with existing results found in [1, [5] [6] [7] shows that even for h = 0.866 (maximum possible h = 1.0, corresponding to a rod) our method gives a very good approximation. Moreover our analytical solution can provide a benchmark, against which the more complex spheroidal function codes may be checked.
The problem is solved in Section 2, while in Section 3 numerical results are given for various values of the parameters.
SOLUTION OF THE PROBLEM
The prolate spheroid is examined explicitly, while corresponding formulas for the oblate one are obtained immediately.
TE Incident Wave
We start with the incident TE plane electromagnetic wave with plane of incidence the xz plane and its electric field normal to the plane of incidence (see Fig. 1 ). The expression for this electric field is [8] 
where the time factor exp(−jωt) is suppressed, θ 0 is the angle of incidence with respect to the positive z-semiaxis, k is the wavenumber, r, θ, φ are the spherical coordinates with respect to O, while
and
are the spherical eigenvectors of the first kind [8, 9] . The subscripts or superscripts e and o stand for even and odd functions, respectively. In (3), (4), the spherical surface eigenvectors C, P and B are given by the relations [9] 
In (2)- (7) 
where m r (3) emn and n r (3) omn are the spherical eigenvectors of the third kind with expressions similar to those in (3), (4), but with the spherical Bessel functions of the first kind replaced by the spherical Hankel functions of the first kind h n (kr), with the superscript (1) omitted for simplicity.
In order to satisfy the boundary conditionn × ( E i + E s ) = 0 at the spheroidal surface (n is the normal unit vector there), we express the equation of this surface in terms of r and θ [1, 10] 
Using the expansions of (9) into a power series of h = d/(2a) and keeping terms up to the order h 4 , where
we obtain
and similar expressions for h n (kr) and h n (kr)/kr. The first derivative j n (kr) is given from (12) with one more prime in each of the Bessel functions. A similar expression is obtained for h n (kr). (8) we satisfy the boundary conditionn × ( E i + E s ) = n × ( E i + E s ) = 0 at the spheroidal surface, where [10, 11] 
In the resulting equation we use the orthogonal properties of the surface eigenvectors B, C and P [9] by making dot products first with B e mn dΩ and next with C o mn dΩ, where dΩ = sin θdθdφ, and then integrating for θ = 0 − π and φ = 0 − 2π. Thus we finally obtain, respectively, the following two infinite sets of linear inhomogeneous equations for the expansion coefficients A mn and D mn , up to the order
The subscript m is omitted from the various symbols in (15) , (16), for simplicity. As it is evident from (8) the subscripts of A's and D's are always non-negative and the second subscript is equal or greater than the first one, i.e., than m. In the opposite case A's and D's are equal to zero and so disappear. The same is valid also for the corresponding a's(a 's) and
For small values of h one can set up to the order h 4 A's and D's are obtained from the solution of the sets (15) and (16) by Cramer's rule, following steps similar to the ones in [12, 13] . The determinant ∆ of a's, a 's, d's and d 's is [10, 12] 
where
The determinant ∆ Ap originating from ∆ after the substitution of the column of the coefficients a vp and a vp of A p by the column of N v 's and N v 's is [13] 
with
The various symbols appearing in (26)-(28) are defined in eqs (A18)-(A22) of the Appendix.
Results analogous to (25)-(28) are obtained for the evaluation of Using now the asymptotic expansions for the Hankel functions in (8) the scattered far electric field is obtained, given by the expression
where f (θ, φ) is the scattering amplitude and
The backscattering (σ b ) and the forward (σ f ) scattering cross-sections are defined as follows:
Eqs. (30) and (31) can be set in the form
where f 
where Re represents the real part and the asterisk denotes the complex conjugate. The total scattering cross-section is defined as
Substituting from (30), (31) into (35) and using the orthogonal properties of the Legendre and the trigonometric functions we finally obtain
, so the last expansion is found by steps similar to the ones in (34).
Eq. (36) can be set in the form
t , = 2, 4 (37) The same is valid also for σ/λ 2 in (34) and consequently for σ b and σ f in (32) which can be written as
Evidently Q
t and σ (0) correspond to a sphere with radius a(h = 0). A check for the correctness of the results is by the fulfillment of the forward scattering theorem [14] which in the present case has the form
where Im represents the imaginary part. Its validity was verified numerically for various values of the parameters.
For the oblate spheroid simply h 2 is replaced with −h 2 in each case.
TM Incident Wave
In this case the plane of incidence is again the xz plane, while the electric field lying on this plane has the expression [15] 
The scattered wave is expressed as
where A mn and D mn are different from the corresponding coefficients in (8) .
Satisfying the boundary conditionn × ( E i + E s ) = 0 at the spheroidal surface and following the same procedure as for the TE wave we obtain again the sets of eqs. (15) and (16) 
For the oblate spheroid h 2 is replaced by −h 2 in each case.
NUMERICAL RESULTS AND DISCUSSION
In Table 1 the values of g (2) and g (4) appearing in eqs. (37), (38) 
APPENDIX A.
The expressions for the various symbols appearing in eqs. (17)- (21) are the following:
In (A1)-(A6) we have made the substitutions
while H (2) s (x), H
s (x) and Λ (2) s (x), Λ
s (x) are given by (A7) and (A8) respectively, if j s (x), j s (x), j s (x) and j s (x) are replaced by h s (x), h s (x), h s (x) and h s (x), respectively.
The integrals I(v, s) and I i (v, s), i = 1 − 8, appearing in (A1)-(A6) are evaluated by using the recurrence relations and the orthogonal properties of Legendre functions [9, 16] . Their expressions are: 
